A single cluster covering for the ship tiling of a dodecagonal quasiperiodic structure is obtained via a self-similar transformation, by which a turtlelike cluster, dubbed as a T-cluster, comprising seven squares, twenty regular triangles and two 30
Introduction
Quasicrystals are solids with long-range positional and orientational order, but without translational order [1, 2] . Since their first observation in the 1980s, quasicrystals have attracted much attention from physicists, chemists, materials scientists and also mathematicians. Up to now, quasicrystals possessing 5-fold, 8-fold [3] , 10-fold [4] and 12-fold [5] rotational symmetries, which are forbidden to periodic crystals, have been experimentally verified.
Basically, there are two alternative types of structure models for quasicrystals, one is the tiling model and the other is the covering model [6] . A tiling model needs at least two types of tiles as a building block to generate the quasiperiodic order. In a tiling model, two neighboring tiles join edge-to-edge with each other and no overlap is allowed. The most famous tiling model for the decagonal quasicrystals is the Penrose tiling [7] , which comprises a fat rhombus and a skinny rhombus. In contrast, a covering model uses only a single type of repeating unit, in this sense it is like a model of periodic crystals. However, unlike in periodic crystals or in the tiling model for quasicrystals, the neighboring units in the covering model are allowed to overlap to some extent. The most renowned covering model is the Gummelt covering, which describes the decagonal quasicrystal by one single decorated decagon through certain overlapping rules [8] . The covering model, at the level of structure, is equivalent to the corresponding tiling model, but the covering model can better explain the formation and stability of quasicrystals [9] ; hence, covering models have been intensively used in the study of the structural and physical properties of quasicrystals, especially the decagonal and octagonal ones [10, 11] . Recently, a tiling scheme with a hexagon monotile, decorated with marks to break the hexagonal symmetry, was also reported, which can fill the 2D space uniformly but not admit periodicity [12] .
The tiling model for a quasicrystal can be generated in several ways, such as inflation [13] , projection [14] , generalized dual method [15] , etc. A covering model can be obtained through converting a tiling model following certain specific rules. For example, the Penrose tiling can be mapped into a Gummelt covering by replacing every 'Jack', a particular cluster of tiles, in the Penrose tiling by a decorated decagon [16] . But this way of generating covering models is inconvenient and time-consuming. Hence, based on the covering theory, Jeong [16] presented a new way to directly produce a decagonal covering model, through which a decorated decagon, after one step of a prescribed procedure, changes into five scaled-down decagons. Repeating this procedure can generate a patch of the decagonal quasiperiodic covering of any arbitrary size. For Gummelt coverings, it involves a type of self-similar transformation. Analogous to that of a decagonal covering, one of the present authors and co-workers proposed a self-similar transformation for an octagonal covering, through which a specially chosen cluster is converted into 12 scaled-down ones [17] . Here, in order to distinguish the self-similar transformation for tiling models from that for covering models, the former is referred to as the 'tile self-similar transformation' where the building blocks are tiles and the latter as the 'cluster self-similar transformation' where the building blocks are clusters.
In a recent paper [18] , we have proved that the ship tiling, one of the dodecagonal quasiperiodic structures as shown in figure 1 , can be completely covered by a turtle-like cluster, the T-cluster, which is composed of seven squares, twenty regular triangles and two oriented 30
• -rhombuses, as highlighted in the inset (a) of figure 1. In such a covering model, two neighboring T-clusters may show partial overlapping, to which it is demanded that a square covers a square, a rhombus covers a rhombus and a regular triangle covers a regular triangle. Two cases of covering of neighboring T-clusters are illustrated in insets (b) and (c). It should be emphasized that the T-cluster concerned here does not uniquely define a covering for the ship tiling of the dodecagonal quasiperiodic structure; rather it also allows periodic arrangement.
A question arises naturally here: can the dodecagonal quasiperiodic covering structure also be obtained directly through the cluster self-similar transformation, just like the octagonal and decagonal coverings? To answer this question, we studied particularly the ship tiling, one of the dodecagonal quasilattices, wishing to find a cluster self-similar transformation that can directly generate the covering model for this quasiperiodic lattice. Since the building block here is a T-cluster, the transformation is referred to as the T-cluster self-similar transformation.
T-cluster self-similar transformation for dodecagonal covering
The ship tiling [19] that comprises three distinct tiles, square, regular triangle and 30
• -rhombus, is a basic template for describing the structure of ideal dodecagonal quasicrystals. Stampfli [20] first obtained such a tiling scheme through the grid dual method. By using the cut-andprojection method, Gähler [21] pushed this idea one step forward and obtained a structure similar to that of Stampfli, but with the number of the rhombuses enormously reduced, which was dubbed the ship tiling following the nomenclature of Ben-Abraham et al [19] , and illustrated there as figure 1.
The ship tiling in figure 1 is a self-similar structure, and the tile self-similar transformation for this structure has been discussed in detail in our previous article [18] . By checking the superposition of the ship tiling of the first generation over that of the second generation, which is obtained by the transformation of the former (figure 1), it is easy to see that every vertex of the ship tiling of the first generation corresponds to the center of a T-cluster in the second generation. The T-cluster is highlighted in the inset (a) of figure 1 and redrawn separately in figure 2(a) with the vertices enumerated. The center of the T cluster is defined as the center of the regular dodecagon inside it. The T-cluster in the ship tiling can be identified without transformation in the following way: (1) find two vertex-sharing rhombi (they are always surrounded by a dodecagon); (2) go along the bisection line of the two rhombi on the side they sit to locate the first tile outside the dodecagon-if it is a triangle, then the vertex shared by the two rhombi defines a T-cluster; otherwise if it is a square. It has been proven that the ship tiling can be completely covered by T-clusters without any gap [18] . Hence, using the T-cluster as a building block, a perfect cluster self-similar transformation scheme can be formulated for the dodecagonal quasiperiodic structure.
There are 30 vertices in the T-cluster, among which 20 form a dodecagonal sub-cluster inside the T-cluster and 10 sit outside, see figure 2(a). After analyzing the possible covering cases between two neighboring T-clusters for all the nearest-neighboring configurations present in the covering model, we find that the ten vertices outside the dodecagon of a T-cluster must be simultaneously the vertices of the dodecagonal subcluster of the neighboring T-clusters. Such a feature greatly simplifies the description of the T-cluster self-similar transformation, since we need only to consider the transformation of the 20 vertices of the dodecagonal subcluster inside a T-cluster. A T-cluster, after one step of self-similar transformation, will be changed into 20 scaled-down T-clusters, as shown in figures 2(b)-(d). There is a one-to-one correspondence between the 20 scaled-down T-clusters of the second generation and the 20 vertices of the dodecagonal subcluster inside the original T-cluster. The edge lengths for the T-clusters of the second generation are scaled down by a factor of α = 2 − √ 3 with respect to the original one.
However, unlike the cluster self-similar transformation for octagonal and decagonal coverings which have only one type of transformation, the T-cluster self-similar transformation for the dodecagonal covering here has simultaneously three types of transformations. The The centers of the 20 scaled-down T-clusters in these three cases are arranged in the same manner, but the orientations of the 20 T-clusters differ slightly (to be discussed in detail below). In order to simplify the description below, each scaled-down T-cluster of the second generation in figures 2(b)-(d) has been labeled with a number, in accordance with the enumeration of the vertices of the first generation in figure 2(a) .
For the three types of transformations illustrated in figures 2(b)-(d), the T-clusters are all the same but some of them may differ in orientation. Because of the difference for the arrangement of some scaled-down T-clusters in the transformation, it is necessary to specify which type of transformation is to be chosen to apply to a particular T-cluster, which clearly depends on the environment of that T-cluster. In practical terms, if the 20 T-clusters of the second generation resulting from applying the transformation of type A to a T-cluster are to be further transformed to obtain a patch of the third generation, then T-cluster 4 (through the text, T-cluster i is referred to as the scaled-down T-cluster corresponding to the equally enumerated vertex of the T-cluster of the first generation) should be subject to a transformation of type B, T-cluster 7 to a transformation of type C and all the other 18 T-clusters to a transformation of Table 1 . The relative positions and orientations of the 20 scaled-down T-clusters with respect to the original T-cluster for the transformation of type A, and the type of further transformation for each. Number Table 3 . The relative positions and orientations of the 20 scaled-down T-clusters with respect to the original T-cluster for the transformation of type C, and the type of further transformation for each.
A type A. For the case of type B, if the 20 scaled-down T-clusters are to be further transformed, then T-cluster 4 and T-cluster 7 of the second generation should be subject to a transformation of type C, and all the other 18 T-clusters to a transformation of type A. Analogously, in the case of type C, if the 20 scaled-down T-clusters are to be further transformed, T-cluster 4 and T-cluster 7 of the second generation should be subject to a transformation of type B, and all the other 18 T-clusters to a transformation of type A. For details of the transformations, see tables 1-3.
Although the transformations of types B and C appear much less frequently than the transformation of type A, all these three types of transformations are required to make their presence simultaneously in the T-cluster self-similar transformation, because only in doing so can the transformation be self-consistent. The self-consistency for the transformation needs only to be checked on the shared components of two neighboring T-clusters, which can be guaranteed by the following observations: (a) all the vertices of the dodecagonal sub-cluster are always defined either by a vertex of a square, or by the vertex referring to the acute angle of a rhombus. This conclusion can be easily drawn by analyzing the 14 possible vertex configurations (or 9 when the mirror-symmetric patterns are taken as one) present in the ship tiling; (b) each vertex of a square solely determines a scaled-sown T-cluster and each acute angle of a rhombus also solely determines a scaled-down T-cluster; and (c) two neighboring dodecagonal sub-clusters may share an edge (see figure 1(c) ) or a spindle-shaped octagon (see figure 1(b) ); (d) if two neighboring dodecagonal sub-clusters share an octagon, then the two neighboring T-clusters centered on the two vertices referring to the acute angles of the rhombus of the previous generation; (e) transformations of types B and C are able to determine the deflation in the case mentioned in (d). The facts in (a) and (b) can determine the relative position and orientation of the scaled-down T-clusters, while those in (c)-(e) can determine the proper type of further transformations.
Using the T-cluster self-similar transformation, we can generate the dodecagonal covering model from a T-cluster directly. The first step of the transformation is deflation as mentioned above, which changes a T-cluster into 20 smaller T-clusters, scaled down by a factor of 2 − √ 3 with regard to the original one, through a proper type of transformation. The second step is inflation, which rescales the new pattern by a factor of 2 + √ 3. By repeating this procedure again and again, we can obtain a patch of dodecagonal covering the structure of arbitrary size.
Data of the T-cluster self-similar transformation
Now, the detailed data about the T-cluster self-similar transformation can be specified. The position and orientation of a T-cluster are the key elements to properly locate it in the transformation. Hence, an arrow is added at the center of a T-cluster, as shown in figure 2(a) , to specify the orientation of the cluster. In this way, the T-cluster labeled with i (T-cluster i) in the x-y plane can be located by using three parameters (x i , y i , θ i ), where (x i , y i ) are the coordinates of the center of the T-cluster in the x-y plane, and θ i is the angle defining the orientation of the T-cluster with respect to the x-axis.
Next, we consider another T-cluster, T-cluster j, with the coordinates (x j , y j , θ j ) equally defined as above. Thus, the relative position and orientation of T-cluster j with respect to T-cluster i can be defined by three parameters (d, α, β) , 2 is the distance between the centers of the two T-clusters, α = arctan[(y j − y i )/(x j − x i )] − θ i is the angle of the line joining the centers of the two clusters with respect to the orientation of T-cluster i and β = θ j − θ i is the angle of the orientation of T-cluster j with respect to that of T-cluster i.
If the 20 scaled-down T-clusters in the second generation are laid over the original T-cluster (not shown in figure 2), then there are three types of distances between the centers of the scaled-down T-clusters with respect to the center of the original T-cluster. Taking the edge length of the dodecagon in the original T-cluster as unity, these three distances will measure d A = 0, d B = 1 and d C = 2 cos(π/12) ≈ 1.931852, respectively. For all three types of transformations, the relative positions and orientations of the 20 scaled-down T-clusters with respect to the original T-cluster, and also the type of further transformation for each scaled-down T-cluster, are listed in tables 1-3. An interesting feature to note is that the central one among the 20 scaled-down T-clusters, i.e., T-cluster 1 in figures 2(b)-(d), is simply the miniature of the original T-cluster without any shift or tilt.
For the three types of transformations, four out of the resulting 20 scaled-down T-clusters may differ in the orientations, and those referring to the vertices 4 and 7 also change in the type of further transformation. Referring to the result of the transformation of type A, the scaled-down T-clusters nos 3, 4, 9 and 13 for type B and scaled-down T-clusters nos 7, 8, 16 and 20 for type C are different in orientation, as indicated by the distinct values of the angle β.
Summary
In summary, a T-cluster self-similar transformation with detailed data of parameters is presented, which can directly provide a convenient way to generate a dodecagonal quasiperiodic covering model. Through the T-cluster self-similar transformation, an original T-cluster changes into 20 scaled-down T-clusters. Unlike the cluster self-similar transformation for the octagonal and decagonal quasilattices, there exist simultaneously three types of transformations in the T-cluster self-similar transformation for the dodecagonal quasiperiodic structure. The results are expected to be useful in the study of the physical and structural properties of dodecagonal quasicrystals.
